The comprehensive characterization of the structure of complex networks is essential to understand the dynamical processes which guide their evolution. The discovery of the scale-free distribution and the small world property of real networks were fundamental to stimulate more realistic models and to understand some dynamical processes such as network growth. However, properties related to the network borders (nodes with degree equal to one), one of its most fragile parts, remain little investigated and understood. The border nodes may be involved in the evolution of structures such as geographical networks. Here we analyze complex networks by looking for border trees, which are defined as the subgraphs without cycles connected to the remainder of the network (containing cycles) and terminating into border nodes. In addition to describing an algorithm for identification of such tree subgraphs, we also consider a series of their measurements, including their number of vertices, number of leaves, and depth. We investigate the properties of border trees for several theoretical models as well as real-world networks.
I. INTRODUCTION
Complex networks are characterized by an uneven distribution of connections which suggests that their growth is not defined by random events. In this way, it is expected that some patterns emerge in their structure which affect the dynamical aspects related to resilience, transport and network maintenance. While such patterns, called network motifs, have been largely characterized in last years (e.g. [1, 2] ), some of them remain uncharacterized and their role in network function is not known. While small network motifs are believed to be the building blocks of complex networks [1] , larger motifs may emerge according to different network needs and growth dynamics. For instance, n-chains networks motifs [2] can appear in order to provide redundance of connections between two nodes, increasing the network resilience to edge removal. Other motifs, such as border trees (as well as other peripheric motifs), can be the result of the external growth of the network, i.e., the network can evolve as a tree, where each "branch" of nodes emerges from the main connected component to the outside of the network.
In this work we provide a description of border tree motifs and investigate the occurrence of such motifs in real-world networks as well as networks generated by theoretical models.
II. BORDER TREE DEFINITION
Although many measurements such as vertex degree, clustering coefficient, shortest path length, betweenness centrality (e.g. [3] ), and many structures such as motifs [1] and chains [2] have been defined, the characterization of complex networks is still incomplete [3] , i.e. if we have a set of many measurements we cannot fully recover the original corresponding network. Therefore, new measurements or structures must be considered for the study of complex networks according with the specific needs. Here we introduce the concept of border trees in complex network.
A border tree is a subgraph without cycles connected to the remainder of the network (see Figure 1 for some examples). Its root and leaves are, respectively, the vertex which belongs to a loop, and the vertices with degree 1. Its depth is the largest distance between its root and its leaves.
III. ALGORITHM TO FIND BORDER TREES
Initially we find all vertices of degree 1 and create a tree for each of them. For each tree, we verify whether the vertex at its top has more than 2 neighbors, ignoring those at lower levels. If there is more than 1, keep this tree in a waiting list. If there is just one, add it to the tree and join any other trees in the auxiliary list which has this vertex at its top. The algorithm ends when all trees are in the auxiliary list, i.e. there is no way to join two trees, so that searches for a vertex of the higher level fail. Note that the tops of all the trees are vertices which belong to at least one loop.
IV. RESULTS AND DISCUSSION
The models considered were the Erdős and Rényi (ER) random graph [4] , the Watts and Strogatz (WS) smallworld model [5] , Barabási and Albert (BA) scale-free model [6] , and a Geographical Network (GN) model as described in [2] where N vertices are randomly distributed inside a L = √ N length square and two vertices are connected with probability p ∼ e −λ d , where d is the geographical distance between them and λ is a model parameter designed to generate the desired average vertex degree.
All analyzed models have N = 1000 vertices and average degrees k = 2, 4, and 6. The probability of connection in the ER model is k /(N − 1); the parameter m is 1, 2, and 3 for the BA model; κ = 1, 2, and 3 and the probability for the WS model is 0.2; and λ = 1.7, 1.22, and 0.97, for the GN model. Note that all parameters, except q for the WS model, have been chosen in order to guarantee average degree 2, 4, and 6 for all models. A total of 100 realizations of each model were considered.
We considered 17 real-world networks divided into four classes: social, information, technological, and biological networks. Their descriptions and some of their most important measurements can be seen in Table I. A. Basic Measurements Table I presents the description and the adopted measurements of the considered networks, theoretical and real-world. These measurements include the average vertex degree k , the average clustering coefficient c , and the average shortest path length ℓ [3] , and were obtained considering unweighted networks. Those which were not originally of this type were accordingly transformed to their unweighted counterpart by using the threshold operation [3] . In the same way, the directed networks were transformed into their undirected version by using the symmetry operation [3] for the calculation of the clustering coefficient. For the calculation of the average shortest path length ℓ, only the largest connected component in the networks was considered.
B. Statistics of border trees
Table II presents the average, mode, and the maximum of the number of nodes, the depth, the number of children per vertex and the number of leaves per tree for each of the theoretical and real-world networks. In the former case, the measurements refer to the average of 100 realizations of each configuration.
For all considered networks, the border trees have typically 2 vertices (one leave and one parent -a vertex which belongs to the remainder of the network) and depth 1. The exceptions are all models with average degree 2 and Wordnet, WWW, Internet, Airport, Power grid, Food web, C. elegans, E. coli, and S. cerevisiae networks.
Interesting results concern the WS and BA models with average degree 2, WWW, Food web, C. elegans, E. coli, and S. cerevisiae networks. The WS model with average degree 2 has the longest tree depth because of the formation of linear chains of vertices after the rewiring process of the initial configuration (ring of vertices). The BA model with average degree 2 has a tree-like structure and, therefore, presents the largest values for all measurements, except the average and maximum depth and number of children, and the maximum number of leaves. The WWW resulted with the greatest number of vertices, the greatest number of children, and the greatest number of leaves in a tree, and also has large averages, but the most frequent tree has 2 vertices (one leave and one parent). On the other hand, the Food web does not present trees. This kind of network is essentially compounded by loops, since every living creature is connected to the decomposers.
V. CONCLUSIONS
This work has introduced the concept of border tree and presented a simple and effective algorithm for their identification. Statistics of the presence of such motifs in several real-world and theoretical networks were obtained and shown to provide valuable information regarding the overall structure of the analysed networks. Overall, markedly distinct statistics of border trees were obtained for the considered models, which corroborates the potential of such measurements for the discrimination and identification of networks. Unlike what was recently observed for chain motifs [2] , border trees were found for both theoretical and real-world networks. Among the the former, we obtained the largest tree for the BA with average degree equal to two, while the WS models exhibited the longest depths. In the case of the real-world networks, the WWW presented the largest overall measurements, suggesting that this network involves a larger number of significative trees around its borders, possibly corresponding to the more recently included nodes. The Internet and power-grid network (a geographical structure) presented similar properties, though exhibiting shortest depths. Among the biological networks, the neuronal network of C. elegans and the transcription network of E. coli presented the largest number of nodes belonging to border trees. 
